Motivation: We address the question of whether there exists an effective evolutionary model of amino-acid substitution that forms a metric-distance function. There is always a trade-off between speed and sensitivity among competing computational methods of determining sequence homology. A metric model of evolution is a prerequisite for the development of an entire class of fast sequence analysis algorithms that are both scalable, O(log n), and sensitive. Results: We have reworked the mathematics of the point accepted mutation model (PAM) by calculating the expected time between accepted mutations in-lieu of calculating log-odds probabilities. The resulting substitution matrix (mPAM) forms a metric. We validate the application of the mPAM evolutionary model for sequence homology by executing sequence queries from a controlled yeast protein homology search benchmark. We compare the accuracy of the results of mPAM and PAM similarity matrices as well as three prior metric models. The experiment shows that mPAM significantly outperforms the other three metrics and sufficiently approaches the sensitivity of PAM250 to make it applicable to the management of protein sequence databases.
Introduction
Computational methods of biological sequence analysis usually involve a tradeoff between speed, scalability and sensitivity. By sensitivity we mean the ability of an algorithm to identify similar sequences based on evolutionary criteria rather than simple mathematical constructions on strings of letters. Scalability refers to the rate of increase in execution time as a function of the amount of data being analyzed.
The fastest and most scalable homology algorithms, SST and BLAT, first compile a sequence database into a data structure which supports fast nearest-neighbor search in a metric-space (Giladi et al., 2002; Kent 2002 ). Due to their choice of distance metrics, these systems are also the least sensitive and their concomitant applicability is limited. SST, due to Giladi et.al., uses Hamming distance and a tree-based index structure to achieve O(mlog(n)) scalability, where m is the length of the query sequence and n is the length or size of the database. Giladi et. al. report an SST execution speed of 27 times the execution speed of BLAST2 for sequence assembly on databases of 120,000 nucleotides and estimate 200 fold speed-up over BLAST2 on mega-base-pair databases. BLAT, due to Kent, is based on simple edit distance supported by hashing to achieve O(m) scalability using O(n) memory (Kent 2002 ). Kent reported BLAT execution speeds of 40 times WU-TBLASTX.
Definition:
A metric space is a set of objects with a binary distance function d, satisfying the following for every three objects x, y & z:
i. Algorithm designers have leveraged the triangle inequality to produce entire classes of data structures to speed up metric-space search (Chavez et al., 2001 ). Intuitively, the triangle inequality says that if two objects are similar to a third object, they cannot be too dissimilar to one another. Algorithmically, the triangle inequality allows subsets of very similar data to be organized and clustered. If a new data element is sufficiently dissimilar to a given element in a cluster, then similarity with the remaining elements in the cluster may be ruled out, without any additional similarity comparisons. One algorithmic class is equivalent to materializing a hierarchical clustering of a data set off-line as a searchable tree-based data structure. These methods are similar in structure to the index trees intrinsic to the architecture of database management systems and tend toward the same scalable, O(log n), on-line search time * (Brin, 1995) . SST is in this class. BLAT is an instance of a hash-based algorithm. These approaches form a sharp contrast with the generality of a Smith-Waterman local-alignment algorithm which compares each possible pairing of sequence elements and assesses, by virtue of a weighted matrix, the probability that one element may be replaced by another. A Smith-Waterman alignment requires O(n*m) computation. BLAST, which can be viewed as an approximation to Smith-Waterman, begins with a linear scan of the database, O(N), to construct the hot-spot index of exact matches of length k. Those exact matches are then extended to form the local alignment results. The expected-time complexity of BLAST is approximately aW+bN+cNW/20 w , where W is the number of words generated and N is the number of residues in the database (Altschul et al., 1990) .
Since the growth rate of sequence databases now exceeds the growth rate of processor speeds (Benson et al., 2002) , the consequent degradation in the performance of BLAST requires investigation of search methods that organize the database off-line in order to speed on-line search. SST and BLAT embody this organization by storing overlapping k-mers (sequence fragments of length k) of sequences. Although SST and BLAT were initially developed to support sequence assembly, these methods can also be used in heuristic algorithms to deduce a local alignment from the returned k-mers (Gusfield, 1997) . However, Hamming distance and simple edit distance are mathematically convenient sequence metrics that only minimally reflect evolutionary criteria. BLAT continues to be used to research problems that involve evolutionarily close sequences; for example, comparison of the human and mouse genomes (Kent, 2002; Rouchka et al., 2002; Cox et al., 2002; Hedenfalk et al., 2003) . Further, these metric-distance functions (metrics) rely on the small alphabet size of nucleic acids to maintain computational feasibility, and thus these approaches have been limited to direct nucleotide to nucleotide comparisons.
If the similarity of a pair of k-mers of protein sequences could be qualified by evolutionary criteria that also formed a metric, it follows that a fully sensitive sequence homology search could be conducted without comparing all pairs of sequence elements. In other words, one can anticipate that the emergence of an evolutionary sequence metric will open research into SST and BLAT-like algorithms that maintain existing speed and scalability while approaching the general sensitivity of the Smith-Waterman algorithm. This problem was first posed by Sellers (Sellers, 1974) .
It is fair to ask, "Can the biology of evolution be modeled as a metric?" The accepted mutation rate between pairs of amino acids is usually asymmetric. The stipulation of the triangle inequality is a significant restriction on possible mathematical models. The PAM family of amino-acid substitution matrices (Dayhoff et al., 1978) has defied efforts to identify a simple, effective algebraic normalization to convert it into metric space (Taylor and Jones, 1993; Linial et al., 1997) .
We derive a metric amino acid substitution matrix, (hereafter mPAM), which reflects evolutionary bias by revisiting the mathematics used to derive the PAM matrices as well as the original data (Dayhoff et al., 1978) . Rather than being concerned with the frequency of substitutions, we compute the expected time between substitutions. An amino acid pair with a high substitution rate should take less time to appear than a pair with a lower substitution rate. Thus, more similar sequences will score closer to zero, one of the requirements of a metric.
We validate mPAM by testing its accuracy using a controlled yeast sequence query benchmark in conjunction with Smith-Waterman alignment (Smith and Waterman, 1981) . The benchmark is comprised of 103 sequence queries whose true positive hits have been identified by human experts (Schaffer et al., 2001) . We compare the accuracy of mPAM with that of the PAM matrices as well as three other metric matrices detailed below. Since nearly all sequence homology algorithms operate by dividing the database sequences and/or the query sequences into k-mers, (SmithWaterman being the notable exception), we evaluate the relative performance of the mPAM and PAM250 matrices on randomly generated sets of short sequences. The results indicate that mPAM, with metric space indexing algorithms, can be a general solution to the task of building a protein sequence database with O(log n) search performance.
Of the many efforts to develop amino acid substitution matrices we have identified two approaches that have resulted in metrics (Fitch, 1966; Taylor and Jones, 1993) . The genetic-code matrix was derived by examining the differences in the nucleotide sequences of codons (Fitch, 1966) . More precisely, the entry in the substitution matrix for any amino acid pair is defined as the minimum edit-distance between their codons. Taylor and Jones propose and evaluate a variety of methods for projecting similarity matrices into metric space. They report their inter-row distance method applied to PAM250 as the most effective. Thus in our evaluation, we compare the genetic-code and inter-row matrices to PAM250 as well as simple-edit distance.
As a historic note, Needleman and Wunsch's classic paper on formulating global alignment used simple edit distance, which is a metric (Needleman and Wunsch, 1970) . Sellers then proved that if the substitution matrix of a set of characters forms a metric, then the weighted edit distance between sequences of those characters is also a metric (Sellers, 1974) . Waterman, Smith and Beyer extended Seller's results to include gaps (Waterman et al., 1976) .
Smith and Waterman then introduced their local-alignment algorithm and concomitantly the use of probability measures, in-lieu of metrics, as the basis of substitution matrices (Smith and Waterman, 1981) . In what has become a de-facto standard, Dayhoff et al. introduced log-odds statistics as the basis of the entries of substitution matrices (Dayhoff et al., 1978) . The PAM and BLOSUM log-odds matrices are in dominant use, with PAM matrices preferred when evolutionary criteria are involved (Gonnet et al., 1996; Henikoff and Henikoff, 1992) .
If log-odds matrices, such as PAM matrices, are used to weight edit distance the result is not a metric. Log-odds reward more similar sequences with higher scores, an intuitively appealing result that reverses metric order; in a metric nearly identical objects must be close to 0 distance apart. Further, log-odds scoring matrices contain negative values violating metric positivity (i).
System and Methods a. The Point Accepted Mutation Model (PAM):
The PAM family of matrices details a Markovian model of evolution (Baldi et al., 1994) . The model was derived from the observation of 71 groups of closely related proteins. The protein sequences were aligned and a phylogenetic tree, including putative ancestral sequences, was computed using maximum parsimony. The accepted mutations through paths in the tree were counted to reflect evolutionary substitution rates. Furthermore, the counts for the 1-PAM probability matrix were normalized to achieve a substitution rate of 1%. Multiplying the 1-PAM matrix by itself N times yields the N PAM probability matrix. This model has the following assumptions that resemble those in molecular clock theory:
1. Amino acids mutate independent of each other. 2. The probability of mutation depends only on the amino acid and the amount of evolution. A value in the PAM probability matrix has the following meaning:
= p (j mutated to i within 250 PAM evolution distance | occurrence of j)
From the accepted mutation matrix, a relatedness odds matrix is defined as:
where f i is the observed frequency of the amino acid i
The commonly used PAM250 similarity matrix is a log-odds matrix, P, derived from the relatedness odds matrix for 250 PAM distance. P ij = 10 log R ij
In the corresponding log-odds matrix, each value has the following biological meanings:
a. Each value P ij corresponds to the log of the likelihood of how closely amino acids i and j are related compared to independent events. The log values make for an additive model. b. The value of P ii varies for different amino acids. This value gives the likelihood that an amino acid remains unchanged over time. It corresponds to the varying mutability of different amino acids. c. A high positive value of P ij corresponds to a high likelihood that amino acids j and i are related. Dissimilarity is quantified as negative value. This scoring scheme makes it easier to pick up maximum local similarity, because the value zero, which corresponds to random chance, acts as a cut-off score.
b. Matrix evaluation method
For validation purposes we compare the accuracy of the different matrices using Smith-Waterman local alignments. To do so, the metric matrices must be converted into similarity matrices. (Correctness of the Smith-Waterman algorithm requires the substitution matrix have a mix of positive and negative values.) The conversion method involves calculating, for each matrix, the median matrix element value and subtracting it from each matrix element, which we determined produced the best results. For mPAM the resulting sign of the value provides similar meaning as the sign of the entry in a PAM matrix.
The test was conducted on a yeast protein database with 6433 protein sequences using a Linux machine (SUSE 8.0; dual AMDXP 1800+ processors with 2GB memory). The query set contains 103 sequences whose true positive hits have been identified by human experts and whose curation is continually refined (Schaffer et al., 2001) . The yeast database and query set as well as the set of true positive hits were downloaded from ftp.ncbi.nlm.nih.gov/pub/impala/blastest in August 2002.
For the 103 queries, we computed Smith-Waterman local alignment scores using the following matrices: mPAM, PAM250 PAM70, identity matrix (simple edit distance), genetic code matrix and inter-row-distance matrix. For comparison, we also ran the same search on a standalone version of BLAST using the PAM250 and PAM70 matrices. Our Smith-Waterman implementation was coded in Java.
We used receiver-operating characteristic (ROC) scores to compare the accuracy of each matrix (Gribskov and Robinson, 1996) . For each entry in the database, the local alignment score was calculated. The result is sorted by decreasing alignment score. The ROC 50 value is computed by comparing the result list with the list of true positive hits. The ROC value has been computed as the following:
where t i is the number of true positive hits ranked ahead of the ith false positive, and T is the total number of true positives.
Results

a. Matrix derivation results
In the PAM derivation, Dayhoff normalized accepted mutation frequency data to form the concept of a 1-PAM distance. This suggests that there may be other normalizations of the data resulting in different models but with the same evolutionary bias. Our approach is to address this normalization with respect to time period rather than frequency. Since more frequent substitutions correspond to shorter time periods, more similar sequences would be scored with smaller values; consistent with a metric. Thus, to derive a metric substitution matrix we address two sub-problems: a) how to define a symmetric mutability between a pair of amino acids; b) how to convert the probabilities into expected time with respect to metric properties. The accepted mutation probability, M AB , for amino acids A and B given by PAM is the observed probability that amino acid B could be substituted by amino acid A within a given evolutionary distance. This asymmetric matrix is derived from experimental data. For the first problem, mutual mutability of amino acids A and B corresponds to the relatedness between amino acid A and amino acid B. To establish an unbiased view, we assume that if there were no substitutions, all amino acids would occur in nature with uniform probability (Wootton and Federhen, 1993) . We define the mutual mutability of two amino acids as the probability that the two amino acids evolve to the same amino acid by accepted mutation within given evolutionary distance. Hence, the relatedness of any two amino acids is associated with not only the probability of direct substitution between them, but also intervening substitutions. The probability that amino acid A and amino acid B could be the same through accepted mutation is defined as the summation of the probability that amino acid A and amino acid B could be mutated to the same amino acid in the same amount of evolutional time (2). Hence, we define
where x is any amino acid.
The assumption that any amino acid mutation happens randomly at a constant rate makes its probability distribution random and memoryless, which is often modeled as exponential distribution. The exponential probability distribution function is
where λ is the constant that corresponds to accepted mutation rate. The equation (3) is a standard representation of exponentional probability distribution. F(t) is defined as the probability that an event, amino acid substitution in this case, occurs within time interval t (Casella and Berger, 2002 ) . The probability density function is
The expected time t for an event to happen is
Since the probability given by the PAM250 probability matrix is that one amino acid mutates to another amino acid at the same position based on 250 acceptable mutations per 100 amino acids, we define the time needed for 250 acceptable mutations per 100 amino acids as one mPAM time unit. It follows that the accepted mutation rate, λ, for each pair of amino acids a, b is given by λ (a → b) = -ln(1-p ( a, b)) (6) The expected mean time between two successive events is
Thus the elements of the distance matrix are calculated by the following:
The matrix in Figure 1 , mPAM, is the set of normalized solutions for equation (8) with respect to the PAM-250 matrix, except for the pair of entries representing the solution for cysteine (C) and tryptophan (W). The solution for cysteine and tryptophan is 8, the largest distance between any two amino acids. However, this single value causes 3 of the 1140 possible triangle inequalities to fail. Decreasing this single distance to 7 results in a metric matrix and maintains cysteine and tryptophan as the unique pair of most infrequently substituted amino acids. Hence the alteration will not have any impact on the rank of distance between amino acid pairs. We round to a single digit since this was the resolution of the results in the source data (Dayhoff et al., 1978) . In the discussion section we detail a conjecture per the general ability of this construction to produce metrics. In order to assess the overall performance, we averaged the ROC plots among the 103 queries. Figure 3 is a plot of the results. We see that mPAM performs very close to PAM70 (Table-1) in net performance. The inter-row distance matrix is the best of the three prior metric substitution matrices. PAM250 is nearly the best PAMx matrix for this benchmark. Although mPAM has almost the same performance as PAM70, it is at a slight disadvantage compared to PAM250. However, by examining the knees of the curves, we see that the discrepancy between the inter-row matrix and mPAM is about 50% larger than the discrepancy between mPAM and PAM250. In practice, many sequence homology search methods construct the database by breaking sequences into fragments of fixed length. Query sequences may also be broken into fixed length fragments. For example, the fragment length (hot-spot) for BLAST defaults to 11 nucleotides. The SST and BLAT packages were analyzed for fragment lengths 4-10 and 8-16 respectively (Altschul et al., 1990; Giladi et al., 2002; Kent, 2002) . Search is conducted by matching query fragments with database fragments using global alignment. The matching fragments are chained together to form a complete local alignment. In these approaches, the quality of fragment matching is vital to the final result.
To test the quality of mPAM on fragmented representations we randomly generated a set of sequence fragments 10 amino acids long. For each matrix we computed all global alignments between pairs of fragments and then sorted them by score. We chose the rank list produced by PAM250 as the standard. The PAM250 list was compared with each other list and the percentage of the same hits among top t hits was computed (Figure 4) . The result from mPAM had good similarity to PAM250 at small distances and significantly outperformed the other metrics in general. These results suggest specifically that SST and BLAT-like algorithms can be extended to protein sequences by replacing Hamming and edit distances with mPAM distance. These algorithms would also achieve much better sensitivity. Furthermore, when fragment matching uses exact or near-exact matching, short fragment lengths are required to retain good selectivity. With mPAM, it may be possible to use much longer fragment lengths, which will help improve speed. Sensitivity may be maintained by using larger search radius in the fragment match (Giladi et al., 2002; Myers, 1994) . Detailing these effects will require effort commensurate with those put into analyzing and improving BLAST. Figure-4 Top t-score comparison between PAM250, mPAM, edit distance, and genetic code matrix. The plot shows the fraction of the same fragments for top t rank. A set of randomly generated fragments of length 10 was used.
Discussion
For the purpose of homology search we have generated a metric amino acid substitution matrix. To summarize, Table 1 contains the average ROC 50 scores for the results in Figure 3 and the ROC 50 score for BLAST. The disparity in ROC 50 scores between the mPAM results and the BLAST PAM250 score is just 0.05. These results are not directly comparable since BLAST uses the statistical significance (e-score) of a sequence match to prune the search in its chaining algorithm and to rank the output. Assessing the significance of an alignment score has greatly increased the quality of homology search results (Collins and Coulson, 1990; Altschul and Gish, 1996; Altschul et al., 2001) . Using similar methodology as BLAST for chaining, we expect fragment based sequence analysis to maintain or even improve upon the accuracy we achieved using the Smith-Waterman algorithm. Consequently, one can now anticipate that sequence analysis methods like SST or BLAT may be extended and exhibit both their intrinsic speed and scalability and the generality and sensitivity of BLAST.
Our results also show that mPAM outperforms other metric matrices (Figure-3 Table-1) . As expected, the simple edit distance is insufficient because it does not contain any evolutionary information. Although the genetic code matrix is derived from the genetic codon, this calculation entails only an information theoretic distance and does not take evolutionary criteria into account (Haig and Hurst, 1991) . The mathematical projections from similarity-based matrices to distance metrics, as proposed by Taylor and Jones, necessarily produce distance distortions. To solve the global classification of protein sequences, Linial et.al. used a distance measure between two segments of 50 amino acid residues from their similarity score (d(u,v)= s(u,u)+s(v,v)-2s(u,v) ) with small metric distortion (Linial et al., 1997) . We expect that mPAM can be used in protein classification to form a metric space directly.
We anticipate that the explicit calculation of an expected time between amino acid substitutions will draw the criticism connected to the debate of the molecular clock theory (Zuckerkandl and Pauling, 1962) . A molecular clock was also assumed to normalize the 1-PAM matrix. In general, the simplifying assumptions in the derivation of the mPAM matrix are nearly identical to those made in the derivation of the PAM family. The most obvious weakness in mPAM with respect to a molecular clock is that the relative mutability for different amino acids are not preserved in mPAM as they are in PAM (all of the diagonal elements of mPAM are zero). We suspect this is an important factor in the overall difference between mPAM and PAM.
In another parallel with early work on sequence evolution, the number of mismatched nucleotides was initially used as a distance measure. To compensate for the fact that the difference count slows as the time of divergence between two sequences increases, Jukes and Cantor developed a correction for the simple edit-distance model for nucleotide sequences (Jukes and Cantor, 1969) . The Jukes-Cantor correction as it applies to peptides is:
or simply
In our derivation of mPAM, we recognized the resemblance between equation (6) and equation (10). The Jukes-Cantor model assumes that all symbols share the same constant mutation rate. Instead of using one constant rate for all of the amino acid pairs as in (10), we used a pair-specific value (6).
We expect that there are a number of refinements that may be made to the mPAM model beyond adjusting for the relative mutability of different amino acids. In particular it may help to explain our original speculation on why the mPAM derivation would succeed. We considered Seller's theorem that if a character-weighting matrix forms a metric, then the corresponding weighted edit distance for sequences also forms a metric (Sellers, 1974) . We observed that for PAM Dayhoff first aligned a set of sequences using maximum parsimony, a distance metric, and then computed the phylogenetic tree, also based on maximum parsimony. The evolutionary distances among the leaves of such a tree form an ultra-metric (Gusfield, 1997) . Under this circumstance we speculated that the converse of Seller's theorem might hold: that traversing the tree, counting amino acid substitutions by sequence position, should form a metric and that integrating the counts across the length of the sequence would still be a metric. Our precise conjecture, which remains to be proven, is the following: given an ultra-metric over a set of aligned sequences, there exists a metric character weighting matrix such that the weighted edit distance among the sequences will approximate the ultra-metric. If this conjecture is proven constructively then any model of phylogenetic tree construction for sequences that produces an ultra-metric may be used to define a metric substitution matrix. Nahkleh et.al. have some recent results that would further generalize this to allow any phylogenetic tree construction, including an assessment of the deviation of the approximation from a molecular clock (Nakhleh et al., 2002) . Just as the PAM matrices spawned refinements and other substitution matrices, we expect the mPAM model to be the subject of further refinement.
The protein space is a very complex, high dimension space. None of the known scoring models can accurately capture all of the complex relations within protein space. When a similarity matrix is converted to a distance matrix, some property loss is inevitable. Hence the mPAM may not be as sensitive as PAM or BLOSUM series matrices when applied to a certain set of sequences. Our intention of developing such matrix is to effectively index protein sequences in metric space. Therefore, mPAM should primarily be used in building an index structure for overlapping k-mers of protein sequences. Such an index structure can accelerate the homology search by offering fast online range query for searching similar k-mers followed by a heuristic chaining algorithm to form the local alignment results. In this sense, mPAM is the most sensitive amino acid substitution matrix with metric-space properties. Moreover, there are several other important issues in sequence analysis in addition to the scoring system, such as the algorithm used to find alignment and the statistical methods used to evaluate the significance of an alignment score. Those other factors might substantially affect the results of any scoring system. The integration of mPAM or related metric into homology search algorithms is still the subject of research.
The doubling time of the sequence content of Genebank has shrunk from 18 months to 15 months and its rate of growth continues to accelerate (Benson et al., 2002) . The Moore's constant for the doubling of processor speeds has been stable at around 18 months for over a decade (Patterson and Hennessy, 1996) . This means that the volume of biological sequence data is growing faster than Moore's law, and it has now reached a rate of growth that ensures a widening gulf between computer capacity and biological computing requirements. As a result, metric space indexing may be the only solution to manage gigabytes biological sequence data.
